Abstract: In this study, we consider the notion of similar curves for null curves in the Minkowski 3-space E 3 1 , called null similar curves. We obtain some properties of the null similar curves. We show that null similar curves form a null Bertrand pair. Moreover, we obtain that the family of null slant helices forms a family of null similar curves with variable transformation.
Introduction
In the study of relativity theory, a unit speed future-pointing timelike curve in a space-time (a connected and time-oriented 4-dimensional Lorentz manifold) is thought as a locus of a material particle in the space-time. The unit-speed parameter of this curve is called the proper time of a material particle. Analogue to timelike curves, in relativity theory a future-pointing null geodesic is thought as the locus of a lightlike particle. More generally, from the differential geometric point of view, the study of null curves has its own geometric interest. Because the other curves (spacelike and timelike curves) of Lorentz space can be studied by a similar approach to that studied in positive definite Riemannian geometry. Moreover, null curves have different properties from spacelike and timelike curves. So, motivated by the growing importance of the null curves in mathematical physics, some special subjects of the curve theory have been studied for null curves by many mathematicians. Ferrandez, Gimenez and Lucas have defined and studied null helices in Lorentzian space forms [1] . Honda and Inoguchi have given a characterization of null cubics [5] . Later, Balgetir, Bektaş and Inoguchi have considered the notion of Bertrand curves for Cartan framed null curves and showed that null Bertrand curves are null geodesics or Cartan framed null curves with constant second curvature [3] .
Recently, a new definition of the special curves has been given by ElSabbagh and Ali [7] . They have called these new curves as similar curves with variable transformation and defined as follows: Let ψ α (s α ) and ψ β (s β ) be two regular curves in E 3 parameterized by arc lengths s α and s β with curvatures κ α , κ β , torsions τ α , τ β and Frenet frames T α , N α , B α and T β , N β , B β , respectively. Then, ψ α (s α ) and ψ β (s β ) are called similar curves with variable transformation λ α β , if there exists a variable transformation
of the arc lengths such that the tangent vectors are the same for two curves, i.e., T α = T β for all corresponding values of parameters under the transformation λ α β . All curves satisfying this condition are called a family of similar curves. Moreover, some properties of the family of similar curves have been obtained, see [7] .
In this work, we introduce the notion of similar curves for Cartan framed null curves in E 3 1 . We give some theorems characterizing these special null curves and show that the family of null slant helices forms a family of null similar curves with variable transformation.
Preliminaries
The Minkowski 3-space E 3 1 is the space given by its natural Lorentz metric
where (x 1 , x 2 , x 3 ) is a rectangular coordinate system of E . Similarly, an arbitrary curve a = a(s) is said to be spacelike, timelike or null (lightlike), if all of its velocity vectors a ′ (s) are spacelike, timelike or null (lightlike), respectively. For the vectors x = (x 1 , x 2 , x 3 ) and y = (y 1 , y 2 , y 3 ) in E 3 1 , the cross product of x and y is defined by
where
and
where After these definitions we prove the following theorem which will be used in the next section.
Theorem 6. Let a = a(s) be a Cartan framed null curve with non-zero curvatures κ, τ . Let consider an another parametrization a = a(ϕ) of the curve where ϕ(s) = κ(s)ds. Then the null tangent vector field α satisfies a vector differential equation of third order given by
Proof. If we write the derivatives given in (4) according to ϕ, we have
respectively, where
κ(ϕ) . Then, the corresponding matrix form of (7) can be given by
From the first and third equations of the new Frenet derivatives (8), we have
Substituting the above equation in the second equation of (8), we have desired equation (6).
Null Similar Curves with Variable Transformation in E 3 1
In this section we introduce the definition and characterizations of null similar curves with variable transformation in E 3 1 . First, we give the following definition. 
of the parameters such that the null tangents are the same for two curves, i.e.,
for all corresponding values of parameters under the transformation λ a b . All null curves satisfying equation (11) are called a family of null similar curves with variable transformation.
If we integrate (11), we have the following theorem.
Theorem 8. The position vectors of the family of Cartan framed null similar curves with variable transformation can be given as follows
Then we can give the following theorems characterizing the null similar curves. In the following, whenever we speak about Cartan framed null curves a(s a ) and b(s b ), we mean that the curves have the Frenet frames and non-zero invariants as given in Definition 7.
Theorem 9. Cartan framed null curves a(s a ) and b(s b ) are null similar curves with variable transformation if and only if the principal normal vectors of the curves are the same, i.e.,
under the particular variable transformation
Proof. Since a(s a ) and b(s b ) are null similar curves in E 3 1 with variable transformation, (11) holds. Then differentiating (11) with respect to s b it follows
From (14), we obtain (12) and (13) immediately. Conversely, let a(s a ) and b(s b ) be two null curves in E 3 1 satisfying (12) and (13). By multiplying (12) with κ b and differentiating the obtained equality with respect to s b we have
Then, from (12) and (13), we obtain
which means that a(s a ) and b(s b ) are null similar curves with variable transformation.
From Theorem 9, we can give the following corollary: 
Proof. Since a(s a ) and b(s b ) are null similar curves in E 3 1 with variable transformation, from Definition 7 and Theorem 9, there exists a variable transformation of the parameters such that the tangent vectors and principal normal vectors are the same. Then from (11) and (12) we have
which gives us
Conversely, let a(s a ) and b(s b ) be two null curves in E 3 1 satisfying (17) and (18). By differentiating (17) with respect to s b we obtain
which gives us λ
Then from Theorem 9 we have that a(s a ) and b(s b ) are null similar curves in E 3 1 .
Theorem 12. Cartan framed null curves a(s a ) and b(s b ) are null similar curves with variable transformation if and only if the ratio of curvatures are the same i.e.,
under the particular variable transformation such that
Proof. Let a(s a ) and b(s b ) be null similar curves in E 3 1 with variable transformation. Then from (18) and (21) we have (23) under the variable transformation (24), and this transformation is also leads from (18) by integration.
Conversely, let a(s a ) and b(s b ) be two null curves in E 3 1 satisfying (23) and (24). From Theorem 6, the following vector differential equations are satisfied for the tangents α a and α b of the curves a(s a ) and b(s b ),
From (23) 
Conclusions
A new family of null curves in the Minkowski 3-space E 3 1 are defined and called null similar curves. Some properties of these special curves are obtained and it is shown that null Bertrand curves are null similar curves with variable transformation. Moreover, it is obtained that null slant helices form a family of null similar curves.
